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We consider a non-holonomic mechanical system whose configuration space is some (smooth) manifold N . Its phase space (space of states) is a submanifold M ⊂ T N which in local coordinates is given by constraint equations linear in the velocities: M = {(q,q) | aµi(q)q i = 0, µ = 1, . . . , k}, where q = (q 1 , . . . , q n ) andq = (q 1 , . . . ,q n ) (here and below, summation over repeated indices is assumed). Systems with inhomogeneous constraints are not considered in this note (see [5] for details).
In addition, the system is characterized by the Lagrangian function L(q,q), which is calculated without the constraints (that is, it is defined everywhere in T N ) and satisfies the non-degeneracy condition det ∥∂ 2 L/∂q i ∂q j ∥ ̸ = 0. The equations of motion of the system (that is, the vector field on M ) which describe its dynamics are defined by the D'Alembert-Lagrange principle [1], according to which the work of the reaction forces for arbitrary virtual displacements δq = (δq 1 , . . . , δq n ) satisfying the constraint equations is zero:
where Q1(q,q), . . . , Qn(q,q) are the generalized non-potential external forces. In order to explicitly write the vector field on M defined by (1), we choose in each tangent space to T Nq a new basis of vector fields τ α(q), α = 1, . . . , n − k, nµ(q), µ = 1, . . . , k, such that the τ α are tangent to the distribution of constraints and the nµ are transverse to them: aµi(q)τ 
where ω = (ω 1 , . . . , ω n−k ) and w = (w 1 , . . . , w k ) are new local coordinates which parameterize the tangent spaces T Nq and are called quasi-velocities in mechanics. Equation (1) and the constraints are now represented as
It can be shown that for any vector field u(q) = (u 1 (q), . . . , u n (q)) on N the following natural relation holds:
where u is the lift of the vector field u to the tangent bundle T N .
The lift of the vector fields τ α to the tangent bundle T N in the coordinate basis is given by τ α(F (q,q)) = τ 
where [ · , · ] is the Lie bracket of vector fields.
By (4), the dynamical equation (3) can be rewritten in the invariant form d dt
and where for brevity we use the special notation f (q, ω, w) w=0 = f * (q, ω) for the operation of restricting an arbitrary function to the constraints.
Finally, we obtain the equations of motion on M in the form
We will show that if the external forces are potential forces (that is, Qi = 0, i = 1, . . . , n), then the equations of motion are represented in the pseudo-Hamiltonian form. To this end, we apply the Legendre transformation
In terms of the variables (q, M) the system (5) becomeṡ
where
. The same equations were obtained in [6] in a different way.
Denote the set of new variables (q, M) by x = (q 1 , . . . , q n , M1, . . . , M n−k ). Then the equations (6) can be written aṡ
where the Jij(x) are the components of the skew-symmetric matrix of the form
The matrix J satisfies the Jacobi identity if and only if the constraints are holonomic. Therefore, although non-holonomic systems admit the pseudo-Hamiltonian representation (7), their dynamics differs significantly from Hamiltonian systems; examples of this can be found in [2] - [4] . 
